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Raman spetrosopy is a fast, non-destrutive means to haraterize graphene samples. In par-
tiular, the Raman spetra are strongly aeted by doping. While the hange in position and width
of the G peak an be explained by the non-adiabati Kohn anomaly at Γ, the signiant doping
dependene of the 2D peak intensity has not been explained yet. Here we show that this is due
to a ombination of eletron-phonon and eletron-eletron sattering. Under full resonane, the
photogenerated eletron-hole pairs an satter not just with phonons, but also with doping-indued
eletrons or holes, and this hanges the intensity. We explain the doping dependene and show how it
an be used to determine the orresponding eletron-phonon oupling. This is higher than predited
by density-funtional theory, as a onsequene of renormalization by Coulomb interations.
I. INTRODUCTION
Graphene is the latest arbon allotrope to be disov-
ered, and it is now at the enter of a signiant re-
searh eort
1,2,3,4,5,6
. Near-ballisti transport at room
temperature and high mobility
5,6,7,8,9,10
make it a po-
tential material for nanoeletronis
11,12,13,14
, espeially
for high frequeny appliations
15
. Furthermore, its
transpareny and mehanial properties are ideal for
miro and nanomehanial systems, thin-lm transis-
tors and transparent and ondutive omposites and
eletrodes
16,17,18,19
.
Graphene layers an be readily identied in
terms of number and orientation by inelasti
and elasti light sattering, suh as Raman
20
and Rayleigh spetrosopies
21,22
. Raman spe-
trosopy also allows monitoring of doping, de-
fets, strain, disorder, hemial modiations and
edges
20,23,24,25,26,27,28,29,30,31,32,33,34,35,36,37
. Indeed,
Raman spetrosopy is a fast and non-destrutive har-
aterization method for arbons
38
. They show ommon
features in the 800-2000 m
−1
region: the G and D
peaks, around 1580 and 1350 m
−1
, respetively. The
G peak orresponds to the E2g phonon at the Brillouin
zone enter (Γ point). The D peak is due to the
breathing modes of six-atom rings and requires a defet
for its ativation
37,39,40
. It omes from TO phonons
around the K point of the Brillouin zone
37,40
, is ative
by double resonane (DR)
39
, and is strongly dispersive
with exitation energy due to a Kohn Anomaly at K
26
.
The ativation proess for the D peak is inter-valley, and
is shown shematially in Fig. 1(d): i) a laser indued
exitation of an eletron/hole pair; ii) eletron-phonon
sattering with an exhanged momentum q ∼ K; iii)
defet sattering; iv) eletron-hole reombination. DR
an also happen as intra-valley proess, i. e. onneting
two points belonging to the same one around K (or
K
′
), as shown in Fig. 1(b). This gives the so-alled
D'peak, whih is at∼ 1620 cm−1 in defeted graphite
K (b) K (c)K(a)
G peak 2D  peakD  peak
(e)(d)K K KK
2D  peakD  peak
Figure 1: (Color Online) Role of the eletron dispersion (Dira
ones, ǫ = ±vF |p|, shown by solid blak lines) in Raman sat-
tering: (a) intravalley one-phonon G peak, (b) defet-assisted
intravalley one-phonon D′ peak, () intravalley two-phonon
2D′ peak, (d) defet-assisted intervalley one-phonon D peak,
(e) intervalley two-phonon 2D peak. Vertial solid arrows rep-
resent interband transitions aompanied by photon absorp-
tion (blue lines) or emission (red lines) (the photon waveve-
tor is negleted). Dashed arrows represent phonon emission.
Horizontal dotted arrows represent defet sattering.
measured at 514nm.
The 2D peak is the seond order of the D peak. This
is a single peak in single layer graphene (SLG), whereas
it splits in four in bilayer graphene (BLG), reeting the
evolution of the band struture
20
. The 2D' peak is the
seond order of the D' peak. Sine both 2D and 2D' origi-
nate from a proess where momentum onservation is sat-
2ised by two phonons with opposite wavevetors (q and
−q), they do not require the presene of defets for their
ativation, and are thus always present. Indeed, high
quality graphene shows the G, 2D and 2D' peaks, but not
D and D'
20
. Also, under the assumption of eletron-hole
symmetry, the two-phonon peaks are fully resonant
41,42
.
This means that energy and momentum onservation are
satised in all elementary steps of the Raman proess, as
shown shematially in Fig. 1(,e). Then, all interme-
diate eletroni states are real. As a onsequene, two-
phonon Raman spetrosopy is sensitive to the dynamis
of the photo-exited eletron-hole pair, in partiular, to
the sattering proesses it an undergo. This is of ruial
importane for the present work.
The eets of doping on the graphene G-peak position
[Pos(G)℄ and Full Width at Half Maximum [FWHM(G)℄
were reported in Refs. 25,31,32,35. Pos(G) inreases and
FWHM(G) dereases for both eletron and hole doping.
The G peak stiening is due to the non-adiabati removal
of the Kohn-anomaly at Γ25,43. The FWHM(G) sharpen-
ing is due to Pauli bloking of phonon deay into eletron-
hole pairs, when the eletron-hole gap is higher than the
phonon energy
25,44
, and saturates for a Fermi shift big-
ger than half phonon energy
25,35,44
. A similar behavior
is observed for the LO-G
−
peak in metalli nanotubes
45
,
for the same reasons. In the ase of BLG, the dier-
ent band struture re-normalizes the phonon response to
doping dierently from SLG
32,46,47
. Also in this ase the
Raman G peak stiens and sharpens for both eletron
and hole doping, as a result of the non-adiabati Kohn
anomaly at Γ32. However, sine BLG has two ondution
and valene subbands, with splitting dependent on the in-
terlayer oupling, this hanges the slope in the variation
of Pos(G) with doping, allowing a diret measurement of
the interlayer oupling strength
32,47
.
Another signiant result is that in SLG the ratio of
the heights of the 2D and G peaks, I(2D)/I(G), and their
areas, A(2D)/A(G), is maximum for zero doping
20,48,49
,
and dereases for inreasing doping. On the other hand,
this shows little dependene on doping for BLG
31,32
.
Fig. 2 plots the ombined data for SLG and BLG from
Refs. 20,31,32,48,49,50. Note that Refs. 31,32 reported
height ratios, while here, as disussed later, we ana-
lyze the area ratio A(2D)/A(G), whih enompasses both
trends of I(2D)/I(G) and FWHM(2D)/FWHM(G).
Due to residual disorder, the energy of the Dira point
an utuate aross the sample on a sale smaller than
the laser spot, whih leads to spatial inhomogeneity of the
doping level
23,51
. We attribute the dierene in the be-
havior of the two SLG urves in Fig.2 to a dierent degree
of residual harge inhomogeneity in the polymeri ele-
trolyte experiments of Refs. 31,32. On the other hand,
the use of this eletrolyte enabled probing a very large
doping range, beause the nanometer-thik Debye layer
gives a muh higher gate apaitane ompared to the
usual 300nm SiO2 bak gate
25,31,32
. Note as well that
A(2D)/A(G) for the most intrinsi samples measured
to date is ∼121720,48,49,50, muh higher than the zero
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Figure 2: Experimental A(2D)/A(G), measured for 514.5nm
exitation, as a funtion of EF for SLG
20,31,32,48,49
and
BLG
32
. The BLG data (solid squares) are divided by 10,
to make omparison easier. Note that the doping dependent
SLG data are a ombination of two experiments on two dier-
ent samples, from Ref.32 (half-lled irles) and Ref.31 (Open
irles), and a data-point representative of intrinsi graphene
from Refs.20,48,49,50 (solid star)
gating values in Refs. 31,32, as shown in Fig. 2. This
points again to soures of disorder in the gated samples
of Refs. 31,32, while the absene of a signiant D peak
exludes large amounts of strutural defets.
Here, we show that the 2D intensity doping depen-
dene results from its sensitivity to the sattering of the
photoexited eletron and hole. Assuming the dominant
soures of sattering to be phonon emission and eletron-
eletron ollisions, we note that, while the former is not
sensitive to doping, the latter is. Then, the 2D doping
dependene an be used to estimate the orresponding
eletron-phonon oupling (EPC).
II. DOPING DEPENDENCE OF TWO PHONON
RAMAN INTENSITY
A. Theoretial Dependene
Raman sattering
52
is an eletron-mediated proess
where eletromagneti radiation exhanges vibrational
quanta (phonons) with a rystal. A omplete desription
requires the detailed knowledge of (i) eletroni struture,
3(ii) phonon dispersions, (iii) mutual interations between
eletrons and phonons (i.e. eletron-eletron, eletron-
phonon and phonon-phonon sattering).
The Raman spetrum of graphene onsists of a set of
distint peaks. Eah haraterized by its position width,
height, and area. The frequeny-integrated area under
eah peak represents the probability of the whole proess.
It is more robust with respet to various perturbations
of the phonon states than width and height. Indeed,
for an ideal ase of dispersionless undamped phonons
with frequeny ωph the shape of the n-phonon peak is a
Dira δ distribution ∝ δ(ω − nωph), with zero width, in-
nite height, but well-dened area. If the phonons deay
(e. g, into other phonons, due to anharmoniity, or into
eletron-hole pairs, due to eletron-phonon oupling), the
δ lineshape broadens into a Lorentzian, but the area is
preserved, as the total number of phonon states annot be
hanged by suh perturbations. If phonons have a weak
dispersion, states with dierent momenta ontribute at
slightly dierent frequenies. This may result in an over-
all shift and a non-trivial peak shape, but frequeny inte-
gration aross the peak means ounting all phonon states,
as in the dispersionless ase. Thus, the peak area is pre-
served, as long as the Raman matrix element itself is
not hanged signiantly by the perturbation. The lat-
ter holds when the perturbation (phonon broadening or
dispersion) is smaller than the typial energy sale de-
termining the matrix element. Converting this into a
time sale using the unertainty priniple we have that,
if the Raman proess is faster than the phonon deay,
the total number of photons emitted within a given peak
(i. e., integrated over frequeny aross the peak), is not
aeted by phonon deay, although their spetral dis-
tribution an be. Although the graphene phonons giv-
ing rise to the D and D' peak are dispersive due to the
Kohn Anomalies at K and Γ26, their relative hange
with respet to the average phonon energy is at most
a few %, thus we are in the weakly dispersive ase dis-
ussed above. The phonon deay in graphene is in the
pioseond timesale, while the Raman proess is faster,
in the femtoseond timesale
25,53,54
. Then, we will an-
alyze the area ratio, A(2D)/A(G), whih enompasses
both variations in height ratio, I(2D)/I(G), and width:
FWHM(2D)/FWHM(G).
We rst onsider the G peak. For the one-phonon pro-
ess, allowed by momentum onservation, whih gives rise
to the G peak, the piture is entirely dierent from the
two-phonon ase. As shown in Fig.1a, the proess respon-
sible for the G peak is determined by virtual eletron-
hole pairs with energy EL/2, where EL is the laser exi-
tation energy (for a typial visible Raman measurement
EL/2 ∼ 1eV). If the Fermi energy, EF , stays belowEL/2,
as in Refs. 31,32, these eletroni states are not strongly
aeted. Only the nal phonon state is inuened by
doping, whih manifests itself in a hange of Pos(G) and
FWHM(G)
25,31,32,35
. However, the area of the peak is de-
termined by the total spetral weight of the phonon state,
whih is preserved. Thus, we do not expet any signi-
ant dependene of A(G) on doping, as long as the dop-
ing is not too strong, so that |EF | ≪ 1 eV. We an then
take the measured doping dependene of A(2D)/A(G) as
representative of the A(2D) trend. Note that A(G) an
hange as a funtion of other external parameters, suh
as the Raman exitation energy
20,37,55,56,57
. However,
for xed exitation, suh as in the experiments disussed
here, the above argument holds.
In Ref.42 the following expressions for the 2D and 2D'
areas were obtained:
A(2D) =
8
3
(
e2
c
)2
v2F
c2
(
γK
γ
)2
, (1a)
A(2D′) =
4
3
(
e2
c
)2
v2F
c2
(
γΓ
γ
)2
. (1b)
where e is the eletron harge, c is the speed of light,
e2/c ≈ 1/137 is the ne struture onstant, and vF
is the eletron veloity (its experimental value is vF ≈
106 m/s ≈ 6.6 eV · Å58,59,60). 2γ is the sattering rate of
the photoexited eletron and hole. Note that we dene
γ as the imaginary part of the energy, so it determines
the deay of the amplitude, while the deay of the prob-
ability is determined by 2γ. This inludes all soures of
inelasti sattering. Assuming the two main mehanisms
for eletron sattering to be the emission of phonons and
eletron-eletron ollisions, we write:
γ = γe−ph + γee, γe−ph = γΓ + γK . (2)
Here we inlude the phonons near Γ and K, responsible
for D and D'. The orresponding emission rates, 2γΓ and
2γK , enter the numerators in Eqs. (1a), (1b).
Two points regarding Eqs. (1a), (1b) should be em-
phasized. First, the sattering rates depend on the ele-
tron energy, ǫ, whih is dened by half the laser energy,
ǫ ≈ EL/2 [see Eq. (12) in the next setion℄. Seond, if
impurity sattering is signiant ompared to other sat-
tering mehanisms, the orresponding elasti sattering
rate annot be simply inluded in γ and Eqs. (1a), (1b).
The whole Raman intensity alulation should be done
dierently. Eqs. (1a), (1b) thus neglet impurity satter-
ing. For short-range impurities this assumption is justi-
ed by the absene of a large D peak in the spetra of
Refs. 31,32. Long-range disorder is eiently sreened
(even though the vanishing density of states at the Dira
point requires the sreening to be nonlinear
61,62,63,64
);
it is preisely this sreening that gives rise to the inho-
mogeneous onentration of eletrons/holes and spatial
utuations of the Dira point energy.
In priniple, there are no reasons for a strong depen-
dene of γe−ph on arrier density. However, γee does ex-
hibit suh a dependene. Indeed, in undoped graphene at
low temperatures, the photoexited eletron nds itself
in a state with some momentum, p, measured from the
Dira point, in the empty ondution band. To satter
into a state with a dierent momentum p′, it has to give
away some energy and momentum to another eletron in
the full valene band. This seond eletron would have
4to be promoted to the ondution band (as there are no
available empty states in the valene band) into a state
with momentum pe, leaving a hole in the valene band
with ph. Momentum and energy onservation require:
p = p′ + pe + ph, (3a)
ǫ(p) = ǫ(p′) + ǫ(pe) + ǫ(ph), (3b)
where ǫ(p) is the quasipartile dispersion, assumed the
same for eletrons and holes. For Dira partiles, ǫ(p) =
vF |p|, the only possibility to satisfy both onservation
laws is to have all four momenta parallel. If the spetrum
is onvex, d2ǫ(p)/dp2 > 0, the two equations an be sat-
ised by a set of momenta with non-zero measure, i. e.
the phase spae is nite. If it is onave, d2ǫ(p)/dp2 < 0,
they are inompatible. In SLG the spetrum is Dira to
a rst approximation, resulting in an unertainty
65
. This
an be resolved by taking into aount orretions from
eletron-eletron interations, whih make the spetrum
onave,
66,67
and the interband proess forbidden.
As new arriers are added to the system, intraband
eletron-eletron ollisions beome allowed. The momen-
tum and energy onservation beome:
p+ pe = p
′ + p′e, (4)
ǫ(p) + ǫ(pe) = ǫ(p
′) + ǫ(p′e), (5)
whih an be satised for any quasipartile dispersion.
These ollisions give a ontribution to γee whih inreases
with arrier onentration. As a onsequene, the to-
tal γ in Eq.1a inreases, leading to an overall derease of
A(2D), onsistent with the experimental trend in Fig. 2.
The above arguments essentially use the non-onvexity
of the eletroni spetrum in the ondution band, and
thus apply to SLG only. In BLG, the spetrum is
paraboli near the Dira point, so that d2ǫ/dp2 > 0, and
the phase-spae restritions are absent. Thus, eletron-
eletron ollisions are allowed even at zero doping, and
the ollision rate has a muh weaker dependene on EF ,
whih, in rst approximation, an be negleted. Thus,
A(2D) is expeted to have a weak dependene on EF , as
seen in Fig. 2, where the experimental A(2D)/A(G) for
BLG shows a negligible variation with doping
32
.
To quantify the doping eets on the SLG A(2D),
we rst alulate the eletron-eletron sattering rate,
2γee, in the random-phase approximation, analogously to
Refs. 68,69. γee is given by the imaginary part of the on-
shell eletroni self-energy, ImΣee(p, ǫ) for ǫ→ vF p−0
+
,
with ǫ and p ounted from the Dira point65. Here we
onsider the limiting ase, when the energy of the pho-
toexited eletron (ǫ = EL/2) far exeeds EF . The ar-
rier onentration is n = E2F /(πvF
2). In this ase, the
ollisions are dominated by small momentum transfers,
|p − p′| ∼ |EF |/vF , so γee does not depend on ǫ and
is proportional to |EF |, the proportionality oeient
depending only on the dimensionless Coulomb oupling
onstant rs = e
2/(εvF ) (ε being the dieletri onstant):
γee = |EF | f
(
e2
εvF
)
+O(E2F /ǫ), (6)
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Figure 3: Numerial values of f(rs), from Eq.(6)
where the funtion f is given by:
f(rs) =
2
π
π/2∫
0
dϕ
×


2/(1+cosϕ)∫
0
dx x2 sinϕR1
[2(x/rs + 4)x sinϕ]2 +R21
+
2/(1−cosϕ)∫
2/(1+cosϕ)
dx x2 sinϕR2
[2(x/rs + 4)x sinϕ−R3]2 +R22(x, ϕ)

 ,
(7)
and R1, R2, R3 are:
R1(x, ϕ) = a+b+ − a−b− − x
2 ln
a+ + b+
a− + b−
, (8a)
R2(x, ϕ) = a+b+ − x
2 ln
a+ + b+
x
, (8b)
R3(x, ϕ) = a−
√
x2 − a2− − x
2 arccos
a−
x
, (8)
a± = 2± x cosϕ, b± =
√
a2± − x
2. (8d)
Fig. 3 plots f(rs), alulated numerially.
Thus, we expet A(2D) to hange with EF as:
A(2D) =
C
[γe−ph + |EF |f(e2/εvF )]2
(9)
with C a onstant. Note that a variation of the dieletri
onstant ε will aet A(2D). Given the negligible depen-
dene of A(G) on doping, Eq. (9) an be rewritten as√
A(G)
A(2D)
= C′[γe−ph + |EF |f(e
2/εvF )], (10)
where C′ is another onstant.
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Figure 4: Fit of the experimental dependene
p
A(G)/A(2D)
from Ref. 31 (open irles) and Ref. 32 (half-lled irles)
using Eq. (11) (dashed and solid lines, respetively).
B. Fit to Experiments
Fig. 4 plots
√
A(G)/A(2D) as a funtion of EF . This
dependene, aording to Eq. (10), should orrespond
to two symmetri straight lines joining at EF = 0. As
noted in Se. I, lose to EF = 0 the data from the two
polymer eletrolyte gating experiments do not onverge
to the same value. However, for both a linear rise of√
A(G)/A(2D) is seen at higher energies. Also, while
the data represented by open irles in Fig.4 are almost
symmetri, a signiant asymmetry is seen for eletron
doping in the set represented by the half-lled irles,
while the two sets are in good agreement for hole doping.
A(2D)/A(G) for intrinsi samples measured at 514.5
nm exitation, the same used in Refs.31,32, is in the
range 12-17
20,48,49
, represented by the star in Fig. 4 at
14.5. This is in good agreement with the ratio mea-
sured for arbon whiskers
50
. These show a 2D peak
very similar to graphene, being omposed of mis-oriented
graphene layers
50,70
. However, their Raman spetra are
muh less suseptible to harged impurities or surfae
doping, being bulk materials
50
. This orresponds to√
A(G)/A(2D) ∼ 0.24 − 0.29, whih we use to elimi-
nate the eet of doping inhomogeneity, by onstraining√
A(G)/A(2D) ∼ 0.26 at zero doping. We also need
to onsider the dieletri onstant of the polymer ele-
trolyte
31
, ε = 5, giving f(e2/εvF ) ≈ 0.06. Thus, we t
the data with a one-parameter expression:√
A(G)
A(2D)
=
0.26
γe−ph
(γe−ph + 0.06|ǫF |). (11)
We t separately eah branh of the two data-sets, as
shown by solid and dotted lines in Fig. 4. We get γe−ph:
18, 21, 29, 65 meV, with an average γe−ph ∼ 33 meV.
III. RAMAN INTENSITIES AND
ELECTRON-PHONON COUPLING
A. Theoretial Bakground and Eletron-Phonon
Coupling Denitions
Even though graphite and other sp2-hybridized mate-
rials have been investigated for more than 50 years
40,71
,
all the fundamental physial properties needed for the
interpretation of the Raman spetra have undergone an
intense debate, whih seems to be just beginning to on-
verge. Interestingly, several features of both phonon
dispersions and band struture of graphene are deter-
mined by the EPC. For example, in the Kohn anomalies
around Γ or K26 the orretion to the phonon frequen-
ies due to EPC results in a linear slope of the opti-
al phonon branhes as the wave vetor approahes Γ
or K. The EPC and phonon dispersions alulations of
Ref. 26 have been onrmed at the Γ point by inelasti X-
ray sattering
72
, and by the measurement of FWHM(G)
in graphite, graphene and nanotubes
20,25,44,73
, one an-
harmoni eets are taken into aount
20,25,53
. For theK
point, the preise slope of the anomaly is debated
36,74,75
.
Another EPC eet is the kink in the eletron dispersion,
∼200 meV below EF , seen by angle-resolved photoemis-
sion spetrosopy (ARPES)
60,76
. This is attributed to a
orretion to the eletron energy due to EPC
60,76,77
, al-
though alternative explanations also exist
78
. Thus, a or-
ret EPC determination is a fundamental step for an a-
urate desription of the physial properties of graphene,
and nanotubes, being rolled up graphene sheets.
To link the 2D intensity to the EPC we rst onsider
the rate of phonon emission by the photoexited ele-
tron/hole, 2γe−ph. This is obtained from the imaginary
part of the eletron self-energy, γe−ph = ImΣe−ph(ǫ). For
EL/2 > EF + ωΓ, as in the ase of the Raman measure-
ments at 2.41 eV exitation of Refs.31,32, we have
42
:
γK =
λK
4
(
EL
2
− ωK
)
, γΓ =
λΓ
4
(
EL
2
− ωΓ
)
(12)
Then, from Eq. (2):
γe−ph =
λK
4
(
EL
2
− ωK
)
+
λΓ
4
(
EL
2
− ωΓ
)
, (13)
The dimensionless oupling onstants λΓ, λK orrespond
to phonons lose to Γ andK, respetively, and determine
6their rate of emission. We dene them as:
λΓ,K =
F 2Γ,KAu.c.
2MωΓ,Kv2F
. (14)
Here ωK = 1210 cm
−1 = 0.150 eV75 and ωΓ =
1580 cm−1 = 0.196 eV,20 M ≈ 2.00 · 10−23 g = 2.88 ·
103 (eV · Å
2
)−1 is the mass of the arbon atom, Au.c. ≈
5.24Å
2
is the unit ell area. FΓ and FK have the dimen-
sionality of a fore and are the proportionality oeients
between the hange in eetive hamiltonian and the lat-
tie displaement along the orresponding phonon mode.
Stritly speaking, the relevant phonon states are not ex-
atly at Γ and K, as shown in Fig. 1. However, the
orresponding deviation, q ∼ EL/vF , is small ompared
to the K-K' distane, and is negleted. All observables
depend on the dimensionless EPCs, λΓ and λK .
Eq. (14) follows the notation of Ref. 42. Sine dif-
ferent EPC denitions are used in the literature, it is
quite useful to give here mathing rules for all of them,
whih will be neessary when omparing the EPC val-
ues obtained here with previous (and future) reports.
The EPCs an be onveniently mathed by either re-
lating them to the nearest-neighbor tight-binding model,
where the onstants are expressed in terms of a single pa-
rameter: ∂t0/∂a, the derivative of the nearest-neighbor
eletroni matrix element with respet to the interatomi
distane, or by omparing expressions for various observ-
ables. For example, doping leads to a G peak shift due
to EPC. This is expressed in terms of EF as
25,35,43
:
δωΓ =
λΓ
2π
(
|EF |+
ωΓ
4
ln
2EF − ωΓ
2EF + ωΓ
)
. (15)
The orretions to the phonon dispersions as funtion of
wavevetor q, measured from Γ or K, are26,42,73:
δωΓ−LO =
λΓ
8
√
v2F q
2 − ω2Γ, (16a)
δωΓ−TO = −
λΓ
8
ω2Γ√
v2F q
2 − ω2Γ
, (16b)
δωK =
λK
4
√
v2F q
2 − ω2K . (16)
Note that the E2g mode splits into longitudinal (Γ−LO)
and transverse (Γ − TO) at nite q. Note also that
due to analytial properties of the logarithm and square
root, Eq. (15) at |EF | < ωΓ/2 and Eqs. (16a)(16) at
vF q < ωK,Γ aquire imaginary parts, whih orrespond
to the phonon deaying into a ontinuum of eletron-hole
pairs
44
. In this ase 2 Im δω gives the FWHM of the or-
responding Lorentzian prole. At vF q ≫ ωK,Γ Eqs. (16a)
and (16) give the prole of the Kohn anomalies.
In Refs. 25,26,74,79 the EPCs are dened as the matrix
elements of the Kohn-Sham potential, dierentiated with
respet to the phonon displaements. What enters the
observables are their squares, averaged over the Fermi
surfae in the limit EF → 0. The mathing rule is then:
F 2Γ = 4〈D
2
Γ
〉
(Refs. 25,74)
F = 8MωΓ〈g
2
Γ
〉
(Ref. 26,79)
F
(17a)
F 2K = 2〈D
2
K
〉
(Refs. 25,74)
F = 4MωK〈g
2
K
〉
(Refs. 26,79)
F
(17b)
In Ref. 35 the dimensionless oupling onstant λ is de-
ned as the proportionality oeient in Eq. (15). Thus,
λ(Ref.35) =
λΓ
2π
. (18)
Note that the expression linking EPC to FWHM(G) in
Ref. 35 underestimates FWHM(G) by a fator 2.
The dimensionless EPC reported in the ARPES anal-
ysis of Refs. 60,76,80,81 and in the sanning tunneling
spetrosopy (STS) experiment of Ref. 82 was measured
from the ratio of the eletroni veloities below and above
the kink in the eletron dispersion. This ratio is deter-
mined by the derivative of the real part of the eletroni
self-energy ReΣe−ph(ǫ) due to the EPC. The latter an
be alulated if one takes the Dira spetrum for eletrons
and a onstant dispersion for phonons. For EF > 0
79
:
Σe−ph(ǫ) = −
λK
4π
(ǫ − ωK) ln
EM
|ǫ− ωK − EF |
−
λK
4π
(ǫ + ωK) ln
EM |ǫ+ ωK − EF |
(ǫ + ωK)2
−
λΓ
4π
(ǫ− ωΓ) ln
EM
|ǫ− ωΓ − EF |
−
λΓ
4π
(ǫ+ ωΓ) ln
EM |ǫ+ ωΓ − EF |
(ǫ+ ωΓ)2
.(19)
Here EM is the ultraviolet uto, of the order of the
eletroni bandwidth. We then get the mathing rule:
λ(kink) = −
∂ ReΣe−ph
∂ǫ
∣∣∣∣
ǫ=EF
=
λK
2π
(
EF − ωK
ωK
+ ln
EM
ωK + EF
)
+
λΓ
2π
(
EF − ωΓ
ωΓ
+ ln
EM
ωΓ + EF
)
. (20)
However, we note that λK is subjet to Coulomb
renormalizations
83
. This implies that λK depends on the
eletroni energy sale, suh as the eletron energy ǫ, the
Fermi energy EF , or the temperature T , whihever is
larger: λK = λK(max{|ǫ|, |EF |, T }). This dependene is
shown in Fig. 6 of Ref. 83 in the semi-logarithmi sale.
In a Raman measurement this sale is given by the en-
ergy of the photo-exited eletron: ǫ ≈ EL/2, as long
as EL/2 > |EF |. Thus, in Eq. (13) λK = λK(EL/2).
On the other hand, to estimate the EPC eets on the
phonon dispersions in the intrinsi graphene, the rele-
vant eletron energy is of the order of the phonon energy.
Thus, in Eq. (16) λK ∼ λK(ωK). From Fig. 6 of Ref. 83
7we estimate that λK(ωK)/λK(EL/2) ≈ 1.5 for ε = 1 and
1.2 for ε = 5 (taking EL ≈ 2 eV to represent Raman
measurements in the visible range).
The situation with Eq. (20) is more ompliated, sine
the uto EM appears expliitly. The logarithmi term is
determined by all energy sales from EM down to EF +
ωK . Thus, the proper expression is
λ(kink) =
λK(EF )
2π
EF − ωK
ωK
+
EM∫
EF+ωK
λK(ǫ)
2π
dǫ
ǫ
+
λΓ
2π
(
EF − ωΓ
ωΓ
+ ln
EM
EF + ωΓ
)
. (21)
B. Experimental Eletron-Phonon Coupling
From Eq.(12), our overall average γe−ph = 33 meV,
derived from a t to all the data in Fig. 4, gives:
λΓ + λK ≈ 0.13. (22)
On the other hand, the hole doping side of Fig. 4 shows
two data sets very onsistent with eah other. We an
thus get another estimate taken from the average γe−ph ≈
20meV for just the hole doping side. This would give:
λΓ + λK ≈ 0.08. (23)
Based on measurements
25,35
and DFT alulations
26
,
the value of λΓ an be reliably taken ≈ 0.03. Indeed,
DFT gives
26 〈g2
Γ
〉F = 0.0405eV
2
and vF = 5.5eV ·Å, or-
responding, from Eqs. (14), (17a) to λΓ ≈ 0.028. Even
though 〈g2
Γ
〉F and vF are subjet to Coulomb renormal-
ization, λΓ = 4Au.c.〈g
2
Γ
〉F /v
2
F , whih ontains their ratio,
is not.
83
The experimental λΓ extrated from FWHM(G)
in graphene and graphite
20,44
aording to Eq. (16a) and
from the dependene of Pos(G) on Fermi energy aord-
ing to Eq. (15), give λΓ ≈ 0.034
35
and λΓ ≈ 0.027
25
.
On the other hand, the value of λK is still
debated
74,79,83
. The alulated DFT 〈g2
K
〉F = 0.0994eV
2
,
together with the DFT vF = 5.5 eV ·Å (both taken from
Ref. 26) gives λK = 0.034. However, Ref. 83 suggested
this should be enhaned by Coulomb renormalization by
up to a fator 3, depending on the bakground diele-
tri onstant. In order to ompare with our ts, we need
onsider that the orretions to the phonon dispersion are
determined by eletroni states with energies lower than
those ontributing to the Raman signal. As disussed in
Se. IIIA, λK(ωK)/λK(EL/2) ≈ 1.2 for ε = 5. Our t in
Eq. (22) orresponds to λK(EL/2) ≈ 0.1, while Eq. (23)
gives λK(EL/2) ≈ 0.05, resulting in λK(ωK) ≈ 0.12 and
λK(ωK) ≈ 0.06, respetively. These are bigger than DFT
by a fator of about 3.5 and 1.7, respetively.
A reent GW alulation gave 〈D2
K
〉F = 193eV
2/Å
2
74
.
Combining this with the GW vF = 6.6 eV · Å
84
, we get
λK(ωK) ≈ 0.054, a fator ∼ 1.6 greater than DFT, in
good agreement with our tted average on the hole side.
Ref. 75 reported inelasti x-ray sattering measure-
ments of the phonon dispersions near K more detailed
than those originally done in Ref. 72, now giving a
phonon slope at K of 73 meV · Å. Using Eq. (16) at
q ≫ ωK/vF and taking the experimental value vF =
6.6 eV · Å60 (the bare eletron veloity, i. e. below the
phonon kink), we obtain λK(ωK) ≈ 0.044, a fator ∼ 1.3
higher than DFT, again in good agreement with our t-
ted average on the hole side.
Another EPC estimate an be derived from the 2D and
2D' area ratio. Combining Eqs. (1a),(1b),12,13 we get:
A(2D)
A(2D′)
= 2
(
λK
λΓ
)2
(24)
For intrinsi SLG and graphite whiskers, the experimen-
tal A(2D)/A(2D') is ∼ 25 − 3020,48,49,50, whih gives
λK(EL/2) ≈ 0.11 and λΓ + λK(EL/2) ≈ 0.13. Sine
in this ase ε = 1, this results in λK(ωK) ≈ 0.16, a fa-
tor ∼4.5 higher than DFT, in agreement with our upper
estimate from Eq. (22).
We nally onsider the EPC derived from ARPES and
STS. For an estimate, we approximate the dependene
λK(ǫ) as linear in ln ǫ. We take λK(EM ) = (ωΓ/ωK)λΓ,
as given by DFT (assumed to be valid at high energies),
and leave λK(EL/2 ≈ 1 eV) as the only free parameter
determining this linear dependene:
λK(ǫ) =
ωΓ
ωK
λΓ−
[
ωΓ
ωK
λΓ − λK(EL/2)
]
ln(EM/ǫ)
ln[EM/(EL/2)]
.
(25)
Taking EF = 0.4 eV
60,76,81,82
, EM = 10 eV, and substi-
tuting Eq. (25) in Eq. (21), we get:
λ(kink) ≈ 0.7λΓ + 0.6λK(EL/2). (26)
Note that the dependene on the preise value of EM
is weak: setting EM = 5 eV hanges the rst oe-
ient to 0.5, and the seond (more important as it mul-
tiplies the larger oupling onstant) varies only by 2%.
The measurements in Refs. 60,76,80,81,82 gave λ(kink) ≈
0.4, 0.3, 0.26, 0.2, 0.14, respetively. The smallest of
these values, λ(kink) ≈ 0.14, from Eq. (26) orresponds
to λΓ + λK(EL/2) ≈ 0.23, while the highest to λΓ +
λK(EL/2) ≈ 0.66. Even the smallest is almost twie our
upper bound t of Eq. (22) and would imply an EPC
renormalization of almost one order of magnitude. Res-
olution eets ould play a role in this overestimation
79
.
Thus, our ts to the doping dependent Raman area
ratios point to a signiant renormalisation, by a fator
1.7-3.5, of the TO mode lose to K, responsible for the
Raman D and 2D peaks. Our lower bound estimate is
onsistent with reent GW alulations and phonon mea-
surements, but our upper bound is muh lower than the
smallest estimate derived by ARPES.
8IV. CONCLUSIONS
We have shown that the 2D intensity dependene on
doping an be explained onsidering the inuene of
eletron-eletron interations on the total sattering rate
of the photogenerated eletrons (holes). We have given
a simple formula linking 2D peak area to the Fermi level
shift. Fitting this to the available experimental data we
got an estimate for the EPC value of the TO phonons
lose to K, responsible for the Raman D and 2D peaks.
This is larger than that from DFT alulations, due to
renormalisation by Coulomb interations. However, our
tted EPC is still signiantly smaller than those re-
ported in ARPES or STS experiments.
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